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I = Ĩ : x∞0 |x0=1 = J : x∞0 |s=0,x0=1
·

EFEHG#I2JKKL
1a  #	 Q°'­`© ;  
   (( 
(b"(4-~ (#  	   '(~>
NOmSdRxzhh{mS!x»erEerlmoxzfrego_hi]_OmR }'egQ[_h[^]|[thi {\erhm»fhiQS!xzoxzfrS!cmo~xer]|OmSlQ[_lQxrfVxg}
xrlmfx¥Z
Rxz]_o|h¹¦ez
J
h¨ero~{\S
o]_egS']d]_OmSVxr}!xzlmfkx¥ZRx]|o_hk}'Sa[ersE[^lQ}!}'Sa[_[_hiµgS
fZr
J ′ = J : s∞|s=0
xz{
J ′ : x∞0 = Ĩ : x
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Ĩ : x∞0
©	
δ
) _°5\¯    © ª δ = nD − n + 1 
  Ã¶Ã!X½Z]|OmS»[_S!}'egQ{ h]|S
R ernEo|ery>eg[_hi]_her Q·!1`S`Ox¥µrS
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xzQ{¡o_egR2]_OmS
 xg}]]|OQx]d]_OmS[_xz]_lmo~x]|S!{¦hk{\S!xrfperJx
δ
¼Go|S
glmfkxzo/hk{\S!xrfphk[dxrfix¥Z\[
δ
¼ o|S
rlQfxro¡c>S!}!xzlQ[_S»feL}!xzfhi£ax]|hieg
yQo_Sa[^S!o_µgS![³o_S!rlmfkxzo|h]sZm¢'·

JeBS[_Ome¨]|OQx]ExrfifL]|OmS$}'erRymlm]|x]|hiegQ[mS
Sa{\S!{]_e/}
erRyml\]|SxVxg}
xrlmfx¥ZRx]|o_hi¹er
J ′ : x∞0$hi]_O
J ′ = J : s∞|s=0
Rx¥Zc>S{\erQS/hi{\S!ro|S
S
δ
·
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&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(L : x0)δ = Lδ + (〈(L : x0)δ−1〉)δ .
  Ã¶Ã! N&eymo|eµrS]|OmS0xr[|[^S!o^]|hieg¶4hi]`hk[S!merlQrO¦]_e [^OQe]|OQx]xzLZ y>erfZLmerRhkxzf
P ∈ L : x0
er
{mS
ro|S
S
δ
c>S
fermA[d]_e
L + 〈(L : x0)δ−1〉
·8NOmS
δ
¼ o_S!rlmfkxzo|h]sZ hR`yQfihS![`]|OmS0S'¹\h[^]_S!Q}'SezrS!mS
o|h}
fhmS!xro¡ero|R[
yi =
∑n
j=0 Ai,jxj
¡ego
i = 1, . . . , d = dim L
[_lQ}~O ]_OQxz]
(L + 〈y1, . . . , yd〉)δ = R̃′δ .
JS
Q}
S
P
Rx¥ZcS$o|h]_]_S! xg[
P = P ′ +
∑d
i=1 yiHi
$h]|O
P ′ ∈ L xzQ{ Hi ∈ R̃′ · 	 SOQx¥µgS]|eymo|eµrS»]_OQxz] ∑d
i=1 yiHi ∈ 〈(L : x0)δ−1〉
· 4Qo_egR ]|OmSfxz]^]_S!oS!jAlQxzfhi]sZ SOx¥µrS
ydHd ∈ L :
x0 + 〈y1, . . . , yd−1〉
·NOmhk[bhR`yQfihS![b]_OQxz]
Hd ∈ L : x0 + 〈y1, . . . , yd−1〉
·   xr}]a>v4S
RRxm· 1»
δ
¼
o|S
glmfkxzo|h]sZdez
L : x0
¢³xzQ{»v4S
RRx 1g· ,/er * ½$T , -/E xg{m{\hmdx[_S!jAlmS!Q}'Stez¶gS
mS!o_hk}$fhimSaxzo³¡ero|R[]_e
xrhk{\S!xrf¸{\eLS![mer]}~OQxrmrSth]~[
δ
¼Go|S
glmfkxzo|h]sZm¢E[_Ome ]|OQx]
L : x0 + 〈y1, . . . , yd−1〉
hk[
δ
¼ o|S
rlQfxro!LxzQ{
]|OLlQ[]_OQxz]$]_OmS/gS
mS!o_hk}t¡ero|R
yd
hk[$xzfReg[^]$o_S!rlmfkxzoh0{mS
ro|S
S
δ
er
L : x0 + 〈y1, . . . , yd−1〉
·ENOLlQ[
Hd
Rx¥Zc>S$$o|h]_]_S
xg[
Hd = P
′
d +
∑d−1
i=1 yiH
′
i
$h]|O
P ′d ∈ L : x0
ez{\S
go_S!S
δ−1 xrQ{ H ′i ∈ R̃′
¡ero
xrLZ
i
·½Zo|S
ymfkxr}
him
Hd
cLZ
P ′d +
∑d−1
i=1 yiH
′
i
³SOQx¥µrS ∑d
i=1 yiHi = ydP
′
d +
∑d−1
i=1 yiH
′′
i
$OQS
o|S
ydP
′
d ∈ 〈(L : x0)δ−1〉
xrQ{
H ′′i ∈ R̃′
¡egoxzLZ
i
·NOLlQ[h][_l »}'Sa[]_e[_Ome ]|OQx] ∑d−1
i=1 yiH
′′
i ∈
〈(L : x0)δ−1〉
$Omhk}~O}
xzc>S/ymo_eµgS!{ xr[$xzc>eµrScLZ»hQ{\lQ}']_her0er
d
·

NOmSa[^S o_Sa[^lQf]~[[_Omeº]_OQxz]]_OQSVxg}
xrlmfx¥Z Rx]_o|hi¹ hB{\S!ro|S
S
δ
er
L : x∞0
Rx¥Z cS0{\S!{mlQ}'Sa{
¡o|erR ]_OQxz]»ez
L
cLZBfhiQS!xzo xzfrS
cQo|x ery>S
o~x]|hiegQ[
· beS
µrS!o!
L : x∞0
hk[»egc\]|xrhiQS!{*cLZBhi]_S
o~x]|hiQ
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
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]|OmS»}'egQ[^]_o|lQ}]|hieg er
L : x0
· 	 hi]_Omegl\]d}
xro_Sd]_OQh[³eglmf{ hQ{\lQ}
S»xz¦S'¹\y>ermS!g]|hxrfro|e]_O ez]_OmS
}
eLS
»}'hS
A]|[!\$Omhk}~O Rx¥Z»c>Sx¥µregh{mS!{»cLZ]_OmS¡erffe$himRS']|Ome\{¸·
hµrS!0xRxz]_o|h¹er&]|OmS[_OQxzy>S [ M M0
0 Mi
] · 	 S}
xro_o|Zerlm]JxyQxzo_]_hkxzf4xrlQ[_[_hkxzS
fhiRhQx]|hieg
eg0h]~[J}'egfilQR`[$hi]|OmS/¡erffe$himx¥Z"C 	 SfxrcS!f¸]_OmSymhiµgez]~[$hi0]|OmSlmyQyS!obReg[^]bo_e xzQ{h0]_OmS
lQymyS!otyxzo_]!xr[bferQxr[tyeA[_[_hcmfiSg·JNOmS!³SdyS!o_Rdl\]_S]_OmS`}'egfilmRQ[thero~{\S
oJ]_e»gS']x»Rx]|o_hi¹er
]|OmS [_OQxryS [ M ′0 0
M ′i M
′
] [_lQ}~O¦]|OQx]d]_OmSo|xrm´\[/ez
M ′0
xz{
M ′i
xro_S»SajAlQxzfp]_e]|OmS
hoLlmRdcS!oder
}
erflmRQ[!·
³¿  ¨ $# 
 "r°ªQ° L²|®Q¬ªm°	'°	¬  &°
­d­    !¯i°
ª M 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 
Mi
'¬ 
i = 0, . . . , n
§|°  r« #\¯²¨­ ª © «~°	© g° _°~°
δ
¬
L
  〈xi〉   m° ~ªÆ° r§~¬&°  	 	©   °
¯ © ­d© ªG© ¬  !
M ′
©	   g« #\¯ z²­ ª ©±»© r° |°|°
δ
¬
xi〈L : x0〉δ−1 
  Ã¶Ã! NOQSt}'egfilQR`[per
M0
¡o|S![_y¶·
Mi
¢Exzo|S$]|OmSJo|S
ymo|S![_S
A]~x]_hereg]_OmStcQxr[_h[pez¸]|OmSJRerQerRhxrf[
erx rS!mS
o~x]|him0[_S']/ez³]_OmSy>erfZAQerRhxrf[er{\S!ro|S
S
δ
ez³]_OmS¡ego_R
x0P
¡o|S![_y¶·
xiP
¢·NOmSx¥Z
h $Omhk}~O ]_OQS xzlQ[|[_hxr S
fhiRhQx]|hieg h[ {\ermS [^Omeb[]_OQxz]]_OQS }'egfilQR`[»ez
M ′
o_S!ymo|S![_S
A]]_OmS
y>erfZLmerRhkxzfk[ez]_OmS¡ego_R
xiP
[_lQ}~O]|OQx]
x0P ∈ L
·

	 hi]_O]_OQS/mez]~x]_her[³erv4S
RRx`Q· m\fiS
] r cS]|OmSLlmRc>S
o$er&o|eb[³er Λ ·4QerobxdrhµrS! Rx]|o_hi¹
X =
[
X1
X2
] [_lQ}~O ]_OQxz]
X2
OQxr[
r
o_eb[!LfiS
]
G(X, i)
c>S]_OmS¡egfife$hmdRxz]_o|h¹


X1 0 0
X2 M0 0
0 Mi Λ

 .
 SQQS
Γ
(0)
0 = Λ

Γ
(i)
j = G(Γ
(i)
j−1, j)
¡ego
j = 1, . . . , n
xz{
Γ
(i)
0 = Γ
(i−1)
n
¡eroxrLZyeA[^hi]_hµrS
hA]_S!rS
o
i
·ENOLlQ[]_OQS/Rxz]_o|h¹
Γ
(i)
n
:{\S
Qez]_Sa{cAZ
Γ(i)
¢OQxg[]_OmS[_OQxzy>S
2
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4
Λ M0
M1 Λ M0      
Mn Λ M0
M1 Λ M0      
Mn Λ M0      
Mn−1 Λ M0
Mn Λ
3
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5
$hi]_O
in+1
cmfe\}~´\[ez
r
o|eb[
·NOmS
o|S'¡ego_S$hi]_O]|OmS![_S$mez]~x]|hiegQ[S$OQx¥µrS]_OQS¡erffie$hm/}'ego_egfifkxzo|Zr·
EFEHG#I2JKKL
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	t¬ 4°
­`­(     !-¯i°'ª L(0) = Lδ   L(i) = (L(i−1))δ,i '¬  Q²
i  4°
ª ¯ 	
¬ L(0) = Lδ   L(i) = L(i−1)(n)    g« #\¯ z²­ ª ©±© r°!_°~° δ ¬ /ªQ°© g° ¯
L(i)
© °~« Q°'¯i¬  '¬ ­ ~®r®Q°#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D	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 *°
¯ © ­`©ªG© ¬  ¬ 
Γ(i)   L©	0	Q§)Æ­ ª ©±0«|¬ 
	©	ª 	©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#	~ª r |¬  	  ©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 L© «7  _° 2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\ª%	© r°¬ ªQ°	
°¯ 	ª
r
_¬  	 
  Ã¶Ã!¨u xzlQ[|[_hxro|S!{\lQ}']_herder
Γ(i)
hk[&SajAlmhiµxrfiS!g]]_ex[^lQ}!}'Sa[_[_hiegez¸xzlQ[|[_hxrS
fhiRhQx]|hiegeg
[_lmcdRxz]_o|h}
S![&$h]|O]|OmS[^OQxrySezfiS!R`Rxm· \z$hi]_O
M = Λ
xz]&]|OmSQo|[^][s]|S
ydxrQ{
M =
[
M ′ Λ
]
er]_OmS!o_$hk[_St$hi]_O
M ′
]|OmS/erl\]|yml\]ber&]|OmSymo_Sa}'Sa{\hiQ[^]_S!y¶·

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(L : xi0)δ ⊂ L(i) ⊂ (L : x∞0 )δ'¬   ²®m¬#	~© ªG© °`©QªÆ°#A°
i 
  Ã¶Ã! NOQSJ[^Sa}'egQ{hi}'flQ[^herh[E]_o|hiµLhkxzfm¡o|erR3]_OQSt{\S(Qmhi]_her»er>]|OmSJQez]|xz]_her¶·-N&eymo|eµrS]_OQS Qo~[s]
egmSrQ³S/ymo|e\}'S!S!{ cAZ hi{\lQ}]|hieger
i
· 4Qero
i = 1
mfiS
]
P ∈ L : x0
c>SxOmerRegrS
QS
erl[yegfiZLmegR`hkxzf
er4{\S
go_S!S
δ
·NOLlQ[pl[^hmdv4S
RRxQ· L
P
Rx¥Z`cS$o_hi]^]|S
xg[
P0 +
∑n
i=1 xiPi
$OmS
o|S
P0 ∈ L
xzQ{
Pi ∈ L : x0
·NOQh[hRymfihS![t]|OQx]
P ∈ L(1) c>S!}!xzlQ[_S P0 ∈ L(1) xz{ xiPi ∈ Lδ,i ⊂ L(1) cLZ]_OmS{mSQmhi]_her0er4]_OQS/mez]~x]_her4·
Je/mfiS
]
i ≥ 2 xz{[_lmymy>eg[_S]_Ox]b]|OmSxr[|[^S!o^]|hieg hk[]|o_lmS¡ego i − 1 ·³NOAl[]_OmS δ ¼Go|S
glmfxro_hi]sZez
L : x0
 v4S
RRxm· 1!¢hiRymfhS![]|OQx]
((L : x0) : x
i−1
0 ) ⊂ (L : x0)(i−1)
cLZ]_OQSOLZLyer]_OmSa[^hk[JerEhi{\lQ}]|hieg¶·/NOLlQ[$]|OmS`xg[_[_S
o_]_her0¡egfifeb[$¡o|erR+]|OmS xg}]t]_OQxz]
(L : x0)
(i−1)hk[$}'egA]|xzhmSa{h
(L(1))(i−1) = L(i)
cLZ]|OmS{\S(Qmhi]_her0ez]_OmS/Qez]|xz]_her¶·

  ÃpÃ 	 	 Ã   &°'ª
L ⊂ R̃ = K[x0, . . . , xn]
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¯ 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L
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dimK L
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o|S
dimK L
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i
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L(i) = L(i+`)
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R
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Ĩ:x∞
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xk+1, . . . ,
xn
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 m° xk+1, . . . , xn, x0 ©	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\¯  	
°7&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S![³]_e`ymo|eµrSJ]_OQxz]³]|OmS/[^SajglQS
Q}
S
xk+1, . . . , xn
hk[xo|S
glmfxro³h
R/I
xrQ{»h
R̃/(Ĩ :
x∞0 )
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(Ĩ + 〈xk+1, . . . , xn〉) : x∞0 = Ĩ : x∞0 + 〈xk+1, . . . , xn〉.
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=
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]|OmS[_S!}'egQ{ h]|S
R erv4S
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ro|S
So|S
µgS
o~[^SdfiS
¹Lhk}'egro~xzymOQh}dRermegR`hkxzf
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ro|S
SdcLZ
xα11 · · ·x
αn+1
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n+1
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o|him/eg]_OmStµxzo|hxrcmfiSa[hk[phRyego^]~xzA]ph»$OQx]
¡egfifeb[!· ¢ 4mero
P ∈ R̃ EfiS
] in(P ) ∈ R̃ cS ]_OmS0go_Sax]_Sa[s]dR`egmerRhkxzf¡fS!xg{\hiQ]_S!o_R»¢ez P $hi]_Oo|S![_y>S!}]]|e ≺ ·w$Sa}
xrfifhiQxrf[_et]_OQxz]]|OmS$o|eb[4er>xVxr}!xzlmfkx¥Z/Rx]|o_hi¹xzo|S³hQ{\S
¹\S!{`cLZ/R`egmerRhkxzfk[
r³S[^lQymyeA[^S
h]_OmS¡egfife$hm]|OQx]$]|OmS/o|eb[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xk+1, . . . , xn
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f ∈ I cS/xr xzo|cmhi]_o~xzo|ZyegfiZLmegR`hkxzf¸xrQ{»fS'] F c>Sh]~[OmerRegrS
Qhi£ax]_her$h]|O o|S![_ySa}]]|e
x0
·  
deg(f) < δ
$OQS
o|S
δ
h[»]_OmS o_S!rlmfkxzo|h]sZBez
I ′ = Ĩ : x∞0
$]_OmS! So_S!ymfkxr}'S
F
cLZ
x
δ−deg(f)
0 F
·`NOLlQ[hi]hk[S
QerlmgO]_e0[_Ome]_Ox]
F
¶$Omhk}~OOQxg[x{mS
ro|S
S`x]/fS!xr[^]
δ
4h[o|S!{\lQ}
hicQfiS
cLZ
G = {P1, . . . , Pt}
·  
deg(F ) = δ
³Sxro_S/{\egmS/cSa}
xrlQ[^S
G
rS!mS
o~x]|S![
I ′δ
xr[bµrS!}']_egob[^yQxg}'Sg·  
deg(F ) > δ
]s³e}
xg[^Sa[$xzo|Sty>eg[|[_hicmfSr·
 ]_OQS Qo|[^]b}
xg[^SgL]_OmS!o_SS'¹\hk[s]~[$[^egRS
i
hi {k + 1, . . . , n + 1} [^lQ}~O ]_Ox] xi | in(F ) ·Å³OmeLeA[^S iRxz¹LhRxzf4¡erot]_Omhk[JyQo_egyS!o^]sZg·  ]_OQh[}
xg[^SgSd[_Ome ]_OQxz]
F
Rx¥ZcSdo_S!ymfxg}'Sa{0cAZxyegfiZLmegR`hkxzf
$OQh}~O OQxg[{\S!ro|S
S
δ
xz{ ]_OLlQ[
F
hk[o|S!{\l}'hcmfiScAZ
G
·v¶S
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F ′
cS]_OmS[^lQR er]|OmS»]|S
o|R[
m
er
F
[_lQ}~O0]_Ox]
xi | m
·bNOmS!
F − F ′ c>S
ferQg[$]|e 〈xi+1, . . . , xn+1〉 cLZ0{mSQmhi]_herer]_OmSdero~{\S
o|hm
≺ -xz{ F ′ ∈ I ′ + 〈xi+1, . . . , xn+1〉 ·  ]¡egfifeb[]_Ox] F ′/xi ∈ I ′ + 〈xi+1, . . . , xn+1〉 cSa}
xrlQ[^S
xi
h[Qer £
S
o|e0{\hiµLhk[^ego/hi
R̃/(I ′ + 〈xi+1, . . . , xn+1〉)
cLZNOmS!ero|S
R \·!1 xrLZyS!o_Rdl\]|xz]_her ezx
OQerRergS
mS!erlQ[o|S
glmfxro¶[^SajAlmS
Q}
SEo|S
RxzhQ[¶x$o|S
glmfkxzo¶[_S!jAlmS
}'Sa¢'·&v4S']
P ∈ I ′ [^lQ}~O]|OQx] F ′/xi−P ∈
〈xi+1, . . . , xn+1〉
·uJ[!AcAZ`xr[|[^lQR`ym]_her¶
xi+1, . . . , xn+1
{memez]xzymy>S!xrohi
in(F )/xi = in(F
′)/xi

]|OmSd{mSQmhi]_her ez ≺ hRymfihS![J]_Ox] in(P ) = in(F ′)/xi = in(F )/xi ·NOLlQ[ in(F ) hk[Jo|S!{mlQ}'hcmfScLZxrS
fS
RS!g]ez
I ′
ez{\S
go_S!S
deg(F ) − 1 ·/½ZhiQ{mlQ}]|hieger deg(F ) ]|Omh[hRymfhiSa[b]|OQx] in(F ) h[Rdlmfi]_hymfiS/er
in(F ′′)
$OmS!o_S
F ′′ ∈ I ′ OQxr[${\S!ro|S
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I ′ + 〈xk+1, . . . , xn+1〉
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x£
S!o_ez¤L{\hRS
Q[_herQxrf¸h{\Saxzf
$OQh}~Ohk[
δ
¼Go|S
glmfkxzoa·   xg}]h]hk[t£!S
o|e¤\{\hiRS!Q[^herxzf¶c>S!}!xzlQ[_SerE]_OmS{\hRS
Q[_hieg
n − k + 1 ez I ′ nEo|ery>eg[_h]|hiegB\· z¢xrQ{ er$]_OmS o_S!rlmfkxzo|h]sZ h
R̃/I ′
er$]_OmS[^SajglQS
Q}
S
xk+1, . . . , xn+1
 NOmS!ero|S
R
\·!1a¢·NOmhk[
δ
¼ o_S!rlmfkxzo|hi]sZd}'egRS![p¡o_egR3]|OmSb xg}]]_OQxz]p]|OmS
δ
¼ o_S!rlmfkxzo|hi]sZez4xr»hk{\S!xrf>{\eLSa[pmer]}~OQxrmrS
hi³egmSxr{m{m[x o_S!rlmfkxzo[^SajAlmS
Q}
S]|e hi]» v4S
RRx61g· ,ez=* ½$T , ;/ ¢'·½Zv¶S
RRx 1r· er * ½$T , -/]_OQh[
yQo_eµgS![
(I ′ + 〈xk+1, . . . , xn+1〉)δ = R̃δ.Je fS']
m
c>SxrAZBR`egmerRhkxzf$er{\S!ro|S
S
δ
{mhiµLhk{\hiQ
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$hi]_O
F ′ ∈ I ′ xzQ{ Hi ∈ R̃ ¡erobxrAZ i ·NOmhk[$hiRymfhS![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]_OmSfS!xg{\hm]_S!o_R+ez
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cLZ ]_OmSd{\SQQh]|hiegez ≺ xzQ{ F h[Jo_Sa{\lQ}
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ro|S
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δ
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Ĩ : x∞0
)
δ+d
= (I ′ + 〈Fn+1, . . . , Fk〉)δ+d
   ¢
$E
  ¬z­b®¯i°_±g© ªG² ¬-°_¬z© ­°
	© ¬  ¯ r§>° 	
°	 g
$OQS
o|S
Ĩ
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